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In this article we examine a Generalized Uncertainty Principle which differs from the 
^ ^1 Heisenberg Uncertainty Principle by terms linear and quadratic in particle momenta, as 

^ ' proposed by the authors in an earlier paper. We show that this affects all Hamiltonians, 

(-H ' and in particular those which describe low energy experiments. We discuss possible 

observational consequences. Further, we also show that this indicates that space may 
be discrete at the fundamental level. 

(N 

^ ' Keywords: Quantum Gravity Phenomenology 

04 ! String Theory, "'^ certain other approaches to Quantum Gravity, as well as Black 

' Hole Physics^ suggest a modification of the Heisenberg's Uncertainty Principle near 

. the Planck scale to a so-called Generalized Uncertainty Principle (GUP) of the form 
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where ipi = = IQ-^^ m is the Planck length and I3q is a constant, normally 

assumed to be of order unity. Evidently, the new second term on the RHS of (1) 
' is important only when x, Ax ~ ipi or p, Ap « ppi « lO^^TeV/c (the Planck mo- 

^ ■ mentum), i.e. at very high energies/small length scales. Inverting Eq.(l), we get 



Ap < pj^-i Ax ± -y/ Ax^ — /3o^p; I implying the existence of a minimum measur- 
able length Ax > Axmm = VT^ipi- It can be shown that the above GUP can be 
derived from a modified Heisenberg algebra'^ 

[x, , p,] = zh[6., + ^ {pH,, + 2p,p, )] . (2) 

On the other hand. Doubly Special Relativity (DSR) theories'* suggest yet another 
modified algebra between position and momenta^ 

[xi,pj] = ih[{l - £pi\p\)dij + e%iPiPj] (3) 

as well as the existence of a maximum observable momentum Ap < Ap^ax ~ 
Mpic. Using the Jacobi identity [[xi, Xj],pk] + [[xj,pk],Xi\ -\- [[pk, Xi],Xj] = and the 
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assumption that space commutes with space and momenta with momenta, algebras 
(2) and (3) can be reconciled as limits of a single algebra of the form^ * 



[xi,pj] = ih 



6ij - a [ pSij + ) + a'^ip'^Sij + 3piPj) 



(4) 



P 

Here a = = ■ Again, ao is normally assumed to be of order unity. The 

above algebra predict both a Axmin and a Apmax- It also implies the following rep- 
resentation of the momentum operator in position space pj = poj (l—apo + 2q;^Pq) 
where poj = —ih-^ is canonical (but unphysical) and satisfies the usual commuta- 
tor [xi,pQj\ = ihSij. Correspondingly, a non-relativistic Hamiltonian takes the form 
H = ^ + V{r) = ^ + V{f} - '^-£s where the last term can be considered 
as a Quantum Gravity induced perturbation in the time-dependent Schrodinger 
Equation 



2m ax'^ m dx"^ 



dip* 
dx 



The above equation admits of a new conserved current J = 5^ {i^* 1^ ~ ^ 

(^^1^ - 3^^) and charge p = , such that |^ + || = 0. The effect of 
the perturbation can be found for example on a simple harmonic oscillator, with 
V = mco^x^/2, for which the shift in the ground state energy eigenvalues is, using 
second order perturbation theory — (^^pw ^ fu^jraa^ . 

Concerning Landau Levels, for a particle of mass m, charge e in a constant 
magnetic field B — Bz ~ lOT, A = Bxy and cyclotron frequency lUc — eB/m, 

the Hamiltonian is H = ^ — el) — ^ ^po — el) = Ho^VSmaHQ and the 
energy shifts are = —VSma{huJc)^{n + « — 10~^^ao , from which we 

A-E„(G'f7P) 



conclude that if ao ~ 1, then — '<^;vp> ^ small to measure. On the other hand, 
with current measurement accuracy of 1 in 10^, one obtains the following upper 
bound on the GUP parameter: < 10^"*. 

Similarly for a Hydrogen atom with standard Hamiltonian Hq = ^ ~ f and 
perturbing Hamiltonian Hi = —^Pq, it can be shown that the GUP effect on the 
Lamb Shift is ^%f^ = 2^g^ « "o^fftS" ^ l^"'' "0 • Again, if ao ~ 1, 
then — "^<^ur) -g small, whereas with current measurement accm-acy of 1 in 
10^^, we infer ao < 10^^. For some other examples, we refer the reader to our 
earlier papers^'^ . 

Finally, we consider the free-particle Schrodinger equation for a particle in a 

box of length L,^ with the solution ip{x) = Ae^^ ^ + Be~'^^ ^ + Ce^. Note the 
appearance of a new oscillatory term. Here k' = k{l+kah) , k" = k{l—kah) (to 
leading order in a). The boundary condition = implies A + B + C = 0, and 



*We also cite reference [6] for more references to earlier works. 



January 18, 2010 7:30 



WSPC - Proceedings Trim Size: 9.75in x 6.5in DVMG12Proc-FinalVersion 



3 



in addition to the boundary condition tp{L) = 0, this yields 



2iAsm{kL) = \C\ L-^C^^+^c) - e*(^/2"R-ec)l +0{a'^) 



(5) 



where C = \C\e~^^'^ . Taking real parts of both sides (assuming A is real, without 
loss of generality), we get 003(2^ — Oc) = cos{kL + 6c) = cos(n7r + 6c + e) which 
has the solutions 



From the above we conclude that a particle can be confined only in boxes of certain 
discrete lengths, and further speculate that this might indicate that all measurable 
lengths are quantized, since measurement of lengths require at least one particle, 
possibly many. We think that this result can be generalized to relativistic particles, 
as well as to the quantization of areas and volumes^ . 

In summary, in this article we have shown that a single GUP exists, which is 
consistent with the predictions of Black Hole Physics, String Theory, DSR etc., 
and that this induces perturbations to all Hamiltonians. Applying this to a few 
concrete examples such as the Harmonic Oscillator, Landau Levels and Lamb Shift, 
we have computed corrections due to this perturbation. Prom these, we concluded 
that if the GUP parameter ao is of order unity, these corrections are probably 
too small to be measured at present. On the other hand, current experimental 
accuracies impose upper bounds on the GUP parameter. Finally, by solving the 
GUP corrected Schrodinger equation for a particle in a box, we have shown that 
boundary conditions require; the box length to be quantized, suggesting quantization 
of measurable lengths, and possibly of surfaces and volumes as well. We hope to 
report further on these elsewhere. 

This work is supported by the Natural Sciences and Engineering Research Coun- 
cil of Canada and the Perimeter Institute for Theoretical Physics. 
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